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Abstract: In this work we investigate medium modifications to the interference pattern
between initial and final state radiation. We compute single gluon production off a highly
energetic parton that undergoes a hard scattering and subsequently crosses a dense QCD
medium of finite size. We extend our previous studies obtained at first order in opacity
by providing general results for multiple soft scatterings and their specific formulation
within the harmonic oscillator approximation. We show that there is a gradual onset
of decoherence between the initial and final state radiation due to multiple scatterings,
that opens the phase space for large angle emissions. By examining the multiplicity of
produced gluons, we observe a potentially large double logarithmic enhancement for dense
media and small opening angles. This result points to a possible modification of the
evolution equations due to a QCD medium of finite size. We briefly comment on the
phenomenological consequences of this setup in high-energy nuclear collisions.
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1 Introduction
Highly energetic jets emerging from the produced QCD matter are used as a diagnosis tool
to extract information about the stages of ultrarelativistic heavy-ion collisions. Modifi-
cations of the space-time evolution of the jet compared to that in vacuum, are expected.
Such modifications have already been experimentally confirmed by measurements of single
inclusive particle spectra [1–5] and two-particle correlations [6–8] at RHIC and the LHC.
Another manifestation of the same physics has been observed in jet studies in PbPb colli-
sions at the LHC [9–14] (see also [15, 16] for related results at RHIC). Summarizing, the
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results from jet measurements at the LHC show: (i) a larger imbalance of the transverse
energy of leading and subleading jets in PbPb collisions than in pp and increasing with
centrality, indicating the presence of medium-induced energy loss; (ii) an azimuthal distri-
bution between leading and subleading jets in central PbPb collisions that turns out to be
similar to that in pp, suggestive of the absence of sizeable medium-induced broadening in
transverse momentum; (iii) an excess, compared to Monte Carlo expectations which repro-
duce pp data, of soft particles at large angles with respect to the subleading jet in PbPb
collisions and increasing with increasing dijet momentum imbalance; (iv) a lack of sizeable
modifications, between pp and PbPb collisions, of the jet fragmentation into particles with
energies close to the jet energy. At first sight, these observations challenge the standard
explanation of jet quenching in terms of medium-induced gluon radiation [17–19] in which
energy loss and broadening are linked and the induced radiation is semihard. Further
studies are thus required to understand all these aspects.
An important ingredient in a jet vacuum parton shower – the Markovian process
of subsequent parton splittings implemented e.g. in Monte Carlo codes to describe the
jet evolution – is the role of colour coherence. The basic question addressed by colour
coherence is to what extent different emitters in the cascade act independently and the
simplest setup to address this question is the antenna radiation. Considering the case of
a quark-antiquark pair in colour singlet configuration with an opening angle θqq¯, colour
coherence will suppress the radiation for soft gluons at emission angles θ > θqq¯ while the
radiation is basically unmodified at θ < θqq¯. This simple example is the basis of the angular
ordering prescription in jet evolution [20–22]. When the antenna is a non-singlet colour
state, radiation outside the cone, θ > θqq¯, happens with the strength given by the total
colour charge i.e. the pair acts as a single emitter with the charge of the pair. In this sense, a
simple probabilistic picture emerges, which is implemented e.g. in Monte Carlo generators:
radiation inside the cone determined by the pair opening angle, θ < θqq¯, takes place as
independent radiation off each of the partons, while radiation out of the cone, θ > θqq¯,
can be reinterpreted as radiation off the parent parton, so that the angular ordering can
be effectively introduced. Perhaps the most clear manifestation of this phenomenon is the
suppression of soft particles in the jet fragmentation function (the hump-backed plateau)
that has been observed experimentally [23–25]. These interferences, and the subsequent
angularly ordered pattern, occur not only between final state emitted partons in time-like
parton showers but also in space-like ones and between initial and final state emissions as
the ones considered here.
The study of the fate of colour coherence when the branching process occurs inside
a coloured medium has started recently [26–31], commonly using an in-medium colour
antenna as laboratory [26–29]. The main findings of these studies are easy to understand
in terms of a modification of the colour coherence of the two emitters in the antenna due
to colour rotation in the medium. When the transverse size of the antenna is smaller than
the typical colour correlation length inside the medium, this cannot modify the internal
colour structure of the antenna and colour coherence is maintained: vacuum radiation
is angularly ordered in the way described in the previous paragraph while the medium-
induced radiation proceeds as if the antenna would be a single parton with the colour of
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the pair. In the opposite limit, when the size of the antenna is similar or larger than the
colour correlation length, the medium can effectively decorrelate the pair by colour rotation
so that each parton losses memory that it was once correlated with the other parton. In
this situation, each parton emits medium-induced radiation independently and the angular
ordering of the vacuum radiation is broken i.e. the two partons emit as two completely
independent partons, both for medium-induced and for vacuum emissions. In the strict soft
limit, when medium-induced radiation is suppressed, the name antiangular ordering was
originally given to this effect in Ref. [26]. The consequences for jet quenching in heavy-ion
collisions are starting to be explored [32].
It looks natural to extend such studies to another situation different from final state
emissions from an antenna. In our case, we focus on the interference between initial and
final state radiation. We compute single gluon production off a highly energetic parton
that undergoes a hard scattering and subsequently crosses a QCD medium of finite size.
This setup was previously considered by us [33] for the case of a finite size dilute medium,
in which the interaction with it is modelled through a single hard scattering. In the soft
limit, the two main conclusions about the full (medium + vacuum) gluon spectrum are: (i)
a reduction of gluon emissions from the initial state by a quantity which depends on the
medium properties but with the radiation confined inside the cone defined by the opening
angle described by the initial and final emitting partons, and (ii) final state emissions
losing totally their vacuum coherence characteristics once in the medium, giving rise to
large angle emissions (named antiangular ordering in the antenna studies) that arise from
the medium-induced coherent radiation between both emitters. Both features resemble
those found in the antenna, but they are based in an extension of the formalism to denser
system that can only be properly addressed by considering the medium as a collection of
many soft scatterers. It is to this extension that this paper is devoted. As a bonus, we
gain insight into the different scales that rule gluon radiation from such a system, and a
connection with other existing formalisms.
The paper is organised as follows: In Section 2 we briefly discuss the role of colour
coherence in deep inelastic scattering (DIS) which corresponds to the setup that we address
in this work. In Section 3 we revise the semiclassical formalism for gluon radiation [34–
36] and calculate the relevant amplitudes both in vacuum and in medium. The reader
familiar with these methods can skip this Section and go directly to Section 4 where the
medium averages are computed to obtain the spectrum, which is then approximated for
a harmonic oscillator. In Section 5, a formation time analysis is performed to obtain the
relevant scales and two possible limits, coherent and incoherent, are discussed. In Section
6 we comment on possible modifications to the usual perturbative evolution by analysing
the leading logarithmic behaviour of the gluon multiplicity. Finally we conclude with a
summary and some remarks on possible phenomenological consequences of this setup in
high-energy nuclear collisions.
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2 A few remarks on colour coherence
Coherence phenomena in particle production is an important subject of study in high-
energy particle collisions. Their effect has been confirmed experimentally in e+e− annihi-
lation [23, 24] and pp¯ collisions [25]. This success has established the role of the non-abelian
nature of QCD and the general validity of the perturbative approach for jet physics. The
process of the cascading of a jet initiated by a highly energetic parton is Markovian i.e.
multiple branchings in the shower generated by the parent parton are not independent: the
angle of emission of a subsequent soft gluon is smaller than the one produced previously.
Therefore, multiple soft gluons in a parton shower are emitted in a coherent manner since
they are angularly ordered.
To illustrate in a simple manner the role of angular ordering in a parton shower, let us
consider soft gluon production in a DIS process of a highly energetic parton where there is
no colour transfer in the t-channel exchange (e.g. an electromagnetic quark scattering) at
finite angle θqq
1 between the incoming and outgoing quark. For completeness, we perform
the calculation of the gluon spectrum for this example in Appendix B. Gluon emission
takes place either before or after the hard scattering off the incoming parton (when it is
space-like) or the outgoing parton (when it is time-like) respectively. Thus one expects
to observe two cones of radiation centered along the longitudinal directions of any of the
emitters. Every cone of radiation has an opening angle Θ ≡ θqq. This can be easily
argued in the following way: If the transverse wavelength of the radiated gluon λ⊥ ∼ 1/k⊥
is smaller than the transverse displacement r⊥ ∼ τformθqq between the emitters at the
time the gluon is emitted (the gluon formation time τform ∼ ω/k2⊥ with ω and k⊥ the
energy and transverse momentum of the gluon respectively), the gluon is able to resolve
the transverse distance between both emitters. If λ⊥ > r⊥, the gluon does not measure
effectively any transverse displacement so it would look as if the hard scattering did not
affect at all the trajectory of the emitting parton. Thus, soft gluon emissions are absent
at large angles θk > θqq. In the case of colour transfer in the t-channel there will be an
additional contribution to the gluon spectrum at large angles θk > θqq, which indicates that
even in the case of a negligible transverse displacement the incoming parton is affected by
the t-channel colour exchange. This argument holds for multiple soft gluon emissions at
any order in the coupling constant and in any colour configuration [20–22].
3 Scattering amplitude from Classical Yang-Mills Equations
In this section we outline the calculation of the scattering amplitude using semiclassi-
cal methods in pQCD. We also introduce the notation followed through this work. This
theoretical framework has shown to be an efficient tool to calculate inclusive observables
involving soft gluon emissions at high energies [34–36]. Within this approach, a soft gluon is
a solution of the linearized Classical Yang-Mills (CYM) equations of motion in the presence
of a background field (the target) and a colour source which is a parton with large momen-
tum (the projectile). Through this work, we limit ourselves to the eikonal approximation
1In what follows we denote the t-channel exchange as the hard scattering.
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which is valid as far as the gluon is soft relative to the parent partons i.e. k+  p+, p¯+2. In
addition, we consider the region of small angles defined by p+, p¯+  |p|, |p¯|  k+  |k|
which is the interesting region in intrajet physics, see Fig. 1 for the notation.
Let us recall first the standard reduction formula which relates the amplitude for
emitting a gluon with momentum kµ ≡ (k+, k− = k2/(2k+),k) with the classical gauge
field Aaµ (see for instance [37]):
Maλ(k) = lim
k2→0
−k2Aaµ(k)µλ(k) ,
= lim
k2→0
∫
d4x eik·xxAaµ(x)
µ
λ(k) , (3.1)
where µλ(k) is the gluon polarization vector. The classical gauge field A
a
µ is the solution of
the CYM equations
[Dµ, F
µν ] = J ν , (3.2)
with Dµ ≡ ∂µ − igAµ and Fµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ]. In addition to the CYM Eqs.
(3.2), one must consider the continuity equation for the classical colour current [Dµ,J µ] = 0
which describes the space-time evolution of the projectile. We concentrate on asymptotic
states far from the region where the physical process happens i.e. at x+ →∞. Therefore,
Eq. (3.1) can be rewritten as [35, 38]
Maλ(k) = lim
x+→∞
∫
dx−d2x eik·x 2
∂
∂x+
Aa(x) · λ(~k) . (3.3)
We perform our calculations in the light-cone gauge (LCG) A+ = 0. Then, only the
transverse polarization contributes to the radiative cross-section since
∑
λ 
i
λ(
j
λ)
∗ = δij ,
where i(j) = 1, 2. In the LCG the gluon polarization vector µλ = (0, λ ·k/k+, λ). Finally,
the gluon spectrum reads
(2pi)32k+
dN
d3k
=
∑
λ=1,2
|Maλ(~k)|2 , (3.4)
where the phase space volume in momentum space is d3k ≡ d2k dk+.
3.1 Gluon emission amplitude for the initial and final state radiation
By making use of the semiclassical method described previously, we calculate the single
inclusive gluon spectrum off a highly energetic parton created in the remote past which
suffers a hard scattering at x+0 = 0 and subsequently passes through a dense QCD medium
of finite longitudinal size L+. Gluon emission takes place either before or after the hard
scattering (see Fig. 1). The QCD medium is modelled by a background gauge field Aa,−med
2Any 4-vector x ≡ (x0, x1, x2, x3) in Minkowski space is described in light-cone (LC) coordinates as
x ≡ (x+, x−,x), where x± ≡ (x0 ± x3)/√2 and x = (x1, x2). For instance, in the LC coordinates the
momentum of a particle pµ = (p+, p−,p) where p± = (E ± pz)/
√
2 being E and pz the energy and the
longitudinal momentum respectively.
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Figure 1. Different contributions to the scattering amplitude. The gluon can be radiated either
before (a) or after the hard scattering ((b) and (c)). In the later case, the emission can take place
either inside (b) or outside the QCD medium (c).
which is a solution of the two dimensional Poisson equation −∂xAa,−med = ρa(x+,x), where
ρa(x+,x) is the static distribution of medium colour charges.
In the vacuum case the total classical eikonalized current that describes the projectile
either before (bef) or after (aft) the hard scattering is J µ(0) = J µbef,(0) + J µaft,(0), where
J µbef,(0) and J µaft,(0) are
J µ,abef,(0)(x) = guµΘ(x+0 − x+) δ(x− − u−x+)δ(2)(x− ux+)Qabef , (3.5a)
J µ,aaft,(0)(x) = gu¯µΘ(x+ − x+0 ) δ(x− − u¯−x+)δ(2)(x− u¯x+)Qaaft . (3.5b)
In the last expression we have used the definition of the 4-velocity for each parton in
LC coordinates uµ = pµ/p+ ≡ (1, u−,u) and Qabef(aft) denotes the colour charge of the
incoming (outgoing) parton3. In the vacuum case the colour current conservation implies
Qabef = Q
a
aft and the scalar product of two colour charges is given by QiQj = CF for the
colour singlet case. Note that the gluon spectrum for the vacuum can be obtained using
Eqs. (3.5) (see Appendix B).
To calculate the net effect over the total colour current J µ when there is a QCD
medium one must solve the continuity equation [Dµ,J µ] = 0 when A−med(x+,x) 6= 0. The
solution for the total colour current is, as in the vacuum case, J µ = J µbef + J µaft where
J µ,abef (x) = J µ,abef,(0)(x) , (3.6a)
J µ,aaft (x) = Uab(x+, 0)J b,µaft,(0)(x) . (3.6b)
In Eq.(3.6b) Uab(x+, 0) is a Wilson line in the adjoint representation whose general defini-
tion is
Uab(x+, y+) = P exp
[
ig
∫ x+
y+
dz+A−med
(
z+, r(z+)
)]ab
, (3.7)
where P denotes path ordering, r(z+) is the trajectory of the probe along the transverse
path (e.g. it reads r = uz+ for a parton moving with constant velocity u in the transverse
3 An overlining ¯ is used hereafter to denote quantities related to the outgoing parton.
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plane), and A−med = T aAa,−med. The solution of the continuity equation for the total colour
current has a simple interpretation: before the hard scattering the classical current J µbef
does not interact with any of the constituents of the QCD medium while the eikonalized
current Jµaft gets colour-rotated due to multiple scatterings with the background field A−med.
The colour rotation between the medium and the colour current Jµaft is taking into account
through the Wilson line (3.7). Conservation of colour charge is still satisfied (Qbef = Qaft)
since the presence of the medium does not change the values of the total colour charge of
the projectile while passing through the medium, as expected [34, 35, 39].
Now that we know the solution of the total colour current J µ in the presence of A−med,
we must solve and linearize the CYM Eqs. (3.2) for the total gauge field Aµ = δµ−A−med+aµ,
with aµ a small perturbation around the background field A−med. The linearized version of
the CYM Eqs. (3.2) in the LCG4 is given by [34, 39]
∂−a− + ∂iai = −J+∂− , (3.8a)
xa− − 2ig
[A−med, ∂−a−]− 2ig[ai, ∂iA−med]+ ig[A−med, ∂−a− + ∂iai] = J − , (3.8b)
xai − 2ig
[A−med, ∂−ai] = J i − ∂i(J+∂− ) . (3.8c)
We concentrate only on the transverse components ai since these are the only ones that
contribute to the scattering amplitude in the LCG5. The solution of Eq. (3.8c) is given by
[35, 39]
aia(x
+,x, k+) =
∫
d4y Gab(x, y)J˜ ib (y) (3.9)
where the modified current reads
J˜ i = J i − ∂i
(J +
∂−
)
(3.10)
and Gab is the retarded Green’s function of the differential equation
xGab(x, y)− 2 ig
[A−med, ∂+G(x, y)]ab = δabδ(4)(x− y). (3.11)
The background field does not depend on x−, thus the Green’s function Gab(x, y) is in-
variant under translations along this direction. It is convenient to introduce here a Fourier
transform of the Green’s function Gab
Gab(x+,x ; y+,y|k+) =
∫ +∞
−∞
dx−ei(x−y)
−k+2
∂
∂x+
Gab(x, y) , (3.12)
which obeys the Schro¨dinger-like equation(
i∂− +
∂2
2k+
)
Gab(x+,x ; y+,y|k+) + g
[A−med,G(x+,x ; y+,y|k+)]
ab
= iδabδ(x
+ − y+)δ(x− y) (3.13)
4Hereafter, contraction of colour indices is to be understood when appropriate.
5In principal one can also find the component a− either by solving directly Eq. (3.8b) or use the
constraint Eq. (3.8a) provided a known solution for ai. See Refs. [34, 35] where this procedure was done
in the CGC context.
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(∂ denotes the gradient in the transverse coordinates) and its solution is written as a path
integral along the transverse plane [39]
Gab
(
x+,x; y+,y|k+) = ∫ r(x+)=x
r(y+)=y
Dr exp
[
i
k+
2
∫ x+
y+
dξ r˙2(ξ)
]
Uab(x+, y+) , (3.14)
with r˙(ξ) = dr(ξ)dξ . This propagator takes into account the non-eikonal corrections to the
emitted gluon due to the momentum broadening acquired due to the multiple scatterings
with the medium. Finally, by taking the solution of the radiation field ai (3.9) and replacing
it into Eq. (3.3), we get the gluon emission amplitude
Matot,λ(k) = lim
x+→∞
∫
d2x d4y ei(k
−x+−k·x) eik
+y−Gab
(
x+,x; y+,y|k+) J˜ b(y) · λ .(3.15)
By knowing the solution for the total colour current Jµ and using the linearity of the
scattering amplitude with respect to the colour sources, we can split Mtot into two pieces
that we interpret as the contribution of the incoming and the outgoing parton respectively.
In the rest of this section we show the explicit form of every contribution.
3.1.1 The outgoing contribution to the scattering amplitude
Depending on the longitudinal position y+ where the gluon is emitted, the scattering
amplitude of the outgoing parton can be splitted in two pieces: when y+ ∈ [0, L+] the
emission occurs inside the medium (in) and when y+ ≥ L+ the emission takes place
outside (out) the medium (See Fig. 1). This is easily achieved by separating the integral
over y+ as ∫ ∞
0
dy+ =
∫ L+
0
dy+ +
∫ ∞
L+
dy+.
Then, one replaces the colour current (3.6b) into Eq. (3.15) and after some algebra,
the scattering amplitude associated to the outgoing quark current reads as Maλ,aft(k) =
Maλ,in(k) +Maλ,out(k) where [27, 38, 39]
Maλ,in(k) =
g
k+
∫
d2xei(k
−L+−k·x)
∫ L+
0
dy+eik
+u¯−y+ (3.16a)
× λ ·
(
i∂y + k
+u¯
)Gab(L+,x, y+,y = u¯y+|k+)Ubc(y+, 0)Qoutc ,
Maλ,out(k) = −2i
λ · κ¯
κ¯2
ei(k·u¯)L
+ Uab(L+, 0)Qoutb , (3.16b)
where we introduce the transverse vector κ¯i = ki − x¯ p¯i, i = 1, 2. This vector describes the
transverse momentum of the gluon relative to the one of the outgoing quark. We define the
momentum fraction carried out by the emitted gluon with respect to the outgoing parton
x¯ = k¯+/p+ (a similar definition follows for the incoming parton). Moreover, it must be
understood in Eq. (3.16a) that, after the performing of the transverse derivatives ∂y, one
sets y = u¯y+.
The emission amplitude inside the medium Min, Eq. (3.16a), can be understood as a
two-step process: initially the highly energetic parton gets colour precessed from 0 until y+
– 8 –
where a gluon is emitted; afterwards, the radiated gluon experiences transverse momentum
broadening until the edge of the medium at L+. The physical information regarding the
broadening of the radiated gluon is encoded in the retarded propagator G. In the case of
Mout, Eq. (3.16b), the projectile is rotated in colour along the total length of the medium
and the gluon is emitted by bremsstrahlung outside of the medium.
3.1.2 The incoming contribution to the scattering amplitude
The gluon radiation off the incoming parton happens completely before the hard scattering
i.e. when y+ ∈ [−∞, 0]. The emission amplitude in this case is found after replacing Eq.
(3.6a) into Eq. (3.15) so the contribution associated to the incoming parton reads
Maλ,bef (k) =
g
k+
∫
x+=∞
d2x ei(k
−x+−k·x)
∫ 0
−∞
dy+eik
+u−y+
× λ ·
(
i∂y + k
+u
)Gab(x+,x, y+,y = uy+|k+)Qinb . (3.17)
As we pointed out in the previous section, there is no colour precession in the classical
current describing the incoming parton due to the absence of a QCD medium before the
hard scattering. So Mbef takes into account the emission by bremsstrahlung of the gluon
and its subsequent classical broadening contained in the propagator G.
We conclude this section by recalling that the total scattering amplitude is the sum of
the contributions Mtot =Maft +Mbef , where Maft =Min +Mout and Mbef are given
by Eqs. (3.16) and (3.17) respectively.
3.2 Medium averages
A necessary ingredient to calculate observables in high energy nuclear collisions is the
distribution of colour charges in the target. Since this information is not known from first
principles, it is usually assumed that the background field A−med is distributed along the
medium as a Gaussian white noise i.e.
〈Aa,−med(x+, q)A∗b,−med (x′+, q′)〉 = δabn(x+)δ(x+ − x′+)δ(2)(q − q′)V2(q), (3.18)
where V(q) is the medium interaction potential and n(x+) is the volume density of scat-
tering centers. V(q) is usually taken as a Debye-screened Coloumb potential [40–46].
In the Gaussian approximation (3.18) and for the present calculation, we need to
evaluate the correlators 〈GU†〉 and 〈GG†〉. The two point function 〈GU†〉 is related with
the quak-gluon system in the medium and it is given by
1
N2c − 1
〈TrG(x+,x; y+,y|k+)U†(x+, y+)〉 =
eik
+u·[x¯(x+)−y¯(y+)]eik
+u−(x+−y+)K (x+, x¯(x+) ; y+, y¯(y+)|k+) , (3.19)
where x¯(x+) = x− ux+ and y¯(y+) = y − uy+. The multiple scattering of the gluon with
the medium is taken into account through the path integral K [43, 44, 47–49],
K(x+,x; y+,y|k+) =
∫ r(x+)=x
r(y+)=y
Dr exp
[∫ x+
y+
dξ
(
i
k+
2
r˙2(ξ)− 1
2
n(ξ)σ (r(ξ))
)]
, (3.20)
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which describes the Brownian motion of the gluon the transverse plane from r(y+) = y to
r(x+) = x. The correlator 〈GG†〉 is related with the medium average involving the gluon
line element from y+ to x+ and reads∫
d2z
∫
d2z′
e−ik·(z−z′)
N2c − 1
〈TrG(x+, z; y+,x|k+)G†(x+, z′; y+,y|k+) 〉 =
e−ik·(x−y)S(x+, y+;x− y) , (3.21)
where S(x+, y+,x − y) is the scattering S-matrix for an octet dipole of fixed transverse
size x− y that is defined as
S(x+, y+;x− y) = exp
[
−1
2
∫ x+
y+
dξ n(ξ)σ(x− y)
]
. (3.22)
Both medium averages (3.20) and (3.21) depend on the dipole cross section σ(r) whose
general expression reads
σ(r) =
∫
d2q
(2pi)2
V(q)[1− cos(r · q)] . (3.23)
Following the usual procedure implemented in previous works, we will make use of
the ‘harmonic oscillator approximation’ where the product n(ξ)σ(r) ≈ 12 qˆr2 [48, 49]. This
approximation is valid in the limit of multiple soft scatterings. Here qˆ is the medium
transport coefficient which probes the accumulated transverse momentum squared per unit
mean free path. The harmonic oscillator approximation allows to calculate analytically the
path integral (3.20) for the case of a static and homogeneous medium6,
Kosc(x+,x; y+,y|k+) = A
pii
exp
[
i AB(x2 + y2)− 2iAx · y] , (3.24)
where
A =
k+Ω
2 sin(Ω∆τ)
, B = cos [Ω∆τ ] , Ω =
1− i
2
√
qˆ
k+
, (3.25)
with ∆τ = x+−y+. In addition, the S-matrix for a dipole (3.22) in the harmonic oscillator
approximation takes a simple form
Sosc(y+, x+; r) = exp
(
−1
4
qˆr2(y+ − x+)
)
. (3.26)
4 The medium-induced gluon spectrum
To obtain the gluon spectrum for the setup studied in this work, we split it into different
contributions to the gluon spectrum according to the longitudinal position where the gluon
6Within the harmonic oscillator approximation it is also possible to evaluate the path integral (3.20) for
the case of an expanding medium. Details of this procedure can be found in Refs. [17, 40, 50].
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(a)
(d) (e) (f)
(b) (c)
Figure 2. Different components of the gluon spectrum when a QCD medium is present: (a)
the “in-in” component, (b) the “in-out” component, (c) the “out-out” component, (d) the “bef-
bef ” component, (e) the “bef-in” component, and (f) the “bef-out” component. The dashed line
represents the cut which divides the amplitude on the left and its complex conjugate on the right.
See the text for further details.
is emitted in the amplitude and the complex conjugate with respect the hard scattering i.e.
if the gluon emission happens before (bef) or after (aft) the hard scattering. We recall to
the reader that after the hard scattering the gluon can be produced either inside (in) or
outside (out) the QCD medium. Therefore, we have six different possibilities (see Fig. 2
for a sketch in terms of Feynman diagrams): the direct emissions of the incoming parton
(“bef-bef ”) and the outgoing one (“in-in”,“in-out” and “out-out”), and the interferences
between both emitters (“bef-in” and “bef-out”). The gluon spectrum then reads
k+
dNtot
d3k
=
6∑
i=1
k+
dNi
d3k
. (4.1)
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In the harmonic oscillator approximation the different contributions k+dNi/d
3k are written
as
k+
dNbef−bef
d3k
=
αsCF
pi2
Re
{∫
d2b
d2k′
(2pi)2
ei(k
′−κ)·b
k′2
Sosc(L+, 0; b)
}
, (4.2a)
k+
dNin−in
d3k
=
αsCF
2pi2
1
(k+)2
Re
{∫ L+
0
dy′+
∫ y′+
0
dy+
∫
d2b e−iκ¯·bSosc(L+, y′+; b)
× ∂b · ∂y Kosc(y′+, b; y+,y|k+)
∣∣
y=0
}
, (4.2b)
k+
dNin−out
d3k
= −αsCF
pi2
1
k+
Re
{∫ L+
0
dy+
∫
d2b
e−iκ¯·b
κ¯2
× κ¯ · ∂yKosc(L+, b; y+,y|k+)
∣∣
y=0
}
, (4.2c)
k+
dNout−out
d3k
=
αsCF
pi2
1
κ¯2
, (4.2d)
k+
dNbef−in
d3k
=
αsCF
pi2
1
k+
Re
{∫ L+
0
dy+
∫
d2k′
(2pi)2
d2b d2l e−iκ¯·beik
′·leiδk·l
× Sosc(L+, y+; b)k
′ · ∂bKosc(y+, b; 0, l|k+)
k′2
}
, (4.2e)
k+
dNbef−out
d3k
= −2 αsCF
pi2
Re
{∫
d2k′
(2pi)2
d2b d2l
k′ · κ¯
k′2 κ¯2
eik
′·le−iκ¯·beiδk·l
× Kosc(L+, b; 0, l|k+)
}
, (4.2f)
with δk = κ¯−κ. In the small angle approximation |δk| ' ωθqq, hence it provides informa-
tion about the strength of the hard scattering. In the semiclassical method one can allow
more general functional forms for the distribution of the colour charges in the QCD medium
than the Gaussian white noise implemented here, see for instance Refs. [51, 52]. For com-
pleteness we write in Appendix A the most general form of the different components of the
gluon spectrum without assuming any model for the medium average.
Notice that when there is no hard scattering, θqq ≈ 0, Eqs. (4.2) coincide with the
results first obtained by Wiedemann (see Eqs. (A-8)-(A-13) of Ref. [53]) 7. Some of the
contributions of the gluon spectrum (4.2) are already known in the literature. For instance,
the “in-in”, “in-out” and “out-out” corresponds to gluon emissions due exclusively to the
outgoing quark and we identify them together with the BDMPS-Z + vacuum spectrum8
[40–46, 48–50, 55]. In the rest of this section we briefly describe the main physical aspects
of each contribution to the gluon spectrum.
7Nevertheless, the analysis of Ref. [53] was mainly interested in the case of a “nascent” parton where
just the “in-in”, “in-out” and “out-out” were worked out in detail.
8For a complete discussion of the physics of the BDMPS-Z spectrum, we refer to the reader to Refs.
[29, 54].
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4.1 Direct emissions
Here we describe some of the main properties of the direct emissions of the incoming (“bef-
bef ”) and outgoing parton (‘in-in”, “in-out” and “out-out”). We point out the relation
between some of the results presented in this section and what it is already known in the
literature.
(i) The “bef-bef ” contribution: after performing some of the integrals, Eq. (4.2a)
is rewritten as
k+
dNbef−bef
d3k
=
αsCF
pi2
Re
{∫
d2b
d2k′
(2pi)2
ei(k
′−κ)·b
k′2
e−
Q2sb
2
4
}
=
αsCF
pi2
Re
{∫
d2k′
(2pi)2
P(k′ − κ, L+)
k′2
}
, (4.3)
where Q2s = qˆL
+ and we define in Eq. (4.3) the function P(k, ξ) as
P(k, ξ) = 4pi
qˆξ
exp
[
−k
2
qˆξ
]
. (4.4)
P(k, ξ) is a normalized distribution which has a statistical interpretation: it is the
probability of having accumulated a certain transverse momentum k2 while traversing
a longitudinal distance ξ. As a matter of fact, P(k, ξ) accounts for the classical
transverse momentum broadening of the gluon after being freed from its parent parton
in the medium.
The medium-induced component Eq. (4.3) can be understood as a two-step process.
A gluon with momentum k′ is emitted before of reaching the QCD medium by the
incoming parton, the term 1/k′2 in Eq. (4.3), and afterwards the gluon suffers a
classical Brownian motion while crossing entirely the medium described by P(k′ −
κ, L+). Emitted gluons from the initial state get their momenta reshuffled and they
acquire in average the maximal amount of accumulated transverse momentum Qs =√
qˆL+. Moreover, the multiplicity of gluons associated to the initial state radiation
does not change due to medium interactions, instead its angular distribution gets
smeared out to large angles.
(ii) The “in-in” term: this corresponds to the medium-induced component of the out-
going parton. Some of the integrals in Eq. (4.2b) are easily performed so one can
reduce this expression as follows:
k+
dNin−in
d3k
=
αsCF
2pi2
1
(k+)2
Re
{
2ik+
∫ L+
0
dy+
∫
d2k′
(2pi)2
P(k′ − κ¯, L+ − y+)
× exp
(
(1− i) k
′2
2k2f
tan
(
Ωy+
))}
, (4.5)
where k2f =
√
k+qˆ. Eq. (4.5) shows that the medium-induced component can be
understood as a two-step process. First, the quantum emission of a gluon with
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momentum k′ at the time τf ∼ |Ω|−1 (the exponential term in the second line of Eq.
(4.5)) and afterwards, the subsequent random walk motion of the gluon along the
remaining path through the medium which is described by P(k′ − κ¯, L+ − y+). The
emission spectrum peaks around kf which corresponds to the amount of momentum
accumulated during its formation time τf . The medium-induced component (4.5)
scales with the length of the medium L+ since gluon emissions can take place along
any longitudinal position 0 ≤ y+ ≤ L+ inside the medium.
(iii) The “in-out” and “out-out” contributions: these terms take into account gluon
radiation when it takes place either inside the medium or outside it.
The medium-vacuum interference of the final state radiation is accounted for by the
“in-out” contribution, Eq. (4.2b). This term can be integrated exactly
k+
dNin−out
d3k
=
αsCF
pik+
Re
{∫ L+
0
dy+
e−i
κ¯2
2k+Ω
tan
(
Ω(L+−y+)
)
i cos2(Ω(L+ − y+))
}
= −2αsCF
pi2
1
κ¯2
Re
{
1− exp
[
−i κ¯
2
2k+Ω
tan(ΩL+)
]}
. (4.6)
The “in-out” term becomes important when emissions take place near to the bound-
ary of the medium. The “out-out” component (4.2d) takes place completely outside
the medium due to bremsstrahlung of the outgoing parton.
4.2 Interferences
In the presence of a QCD medium, the information about the colour correlation between
both emitters is encoded in the interference terms “bef-in” (4.2e) and “bef-out” (4.2f).
The colour correlation between the initial and final state radiation in the presence of a
QCD medium is controlled by the path integral Kosc of the system formed by the outgoing
quark and the gluon radiated by the initial state. Therefore the colour connection between
the initial and final state radiation will depend on whether the medium is able to resolve
the quark-gluon system or not. This is analogous to the studied case of the qq¯ antenna
immersed in a QCD medium, where the role of Kosc is played by the medium decoherence
parameter ∆med ∼ 1− e−Q2sr2⊥ [26–29, 56], with r⊥ the transverse qq¯ dipole size. However,
in the case of the antenna r⊥ ∼ θqq¯ y+ i.e. it grows linearly with time as it moves along
the medium and it depends explicitly on the initial opening angle of the qq¯ pair. In our
setup the transverse size of the quark-gluon system depends on the accumulated transverse
momentum of the gluon at a certain longitudinal position inside the medium due to its
random walk motion; the angle θqq determines the initial transverse size of the quark-gluon
system when entering in the QCD medium. The interference pattern between the initial
and final state in our setup will depend on the total length of the medium compared with
its formation time. We will discuss this detail in length in Sect. 5.
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(i) The “bef-in” contribution: the integrals in Eq. (4.2e) can be expressed as follows
k+
dNbef−in
d3k
= −2αsCF
pi2
Re
(
i
∫ L+
0
dy+
∫
d2k′
(2pi)2
k′ · (k′ − δk cos (Ωy+))(
k′ − δk cos (Ωy+))2
× P(k
′ − κ¯, L+ − y+)
2k+
exp
{
(1− i)k
′2
k2f
tan
(
Ωy+
)}
×
[
1− exp
{
i
(
k′ − δk cos(Ωy+))2
2k+Ω sin(Ωy+) cos(Ωy+)
}])
. (4.7)
The asymptotic behaviour of the latest expression in some particular kinematical
regime is determined by how large or small is the argument of the phases. We
anticipate that this contribution plays an important role in the incoherent regime
τf  L+ as we shall see in Sect. 5.2.
(ii) The “bef-out” contribution: Eq. (4.2f) is integrated completely in an analytic
manner and it results
k+
dNbef−out
d3k
= 2
αsCF
pi2
Re
{∫
d2k′
(2pi)2
k′ · κ¯
k′2κ¯2
2pii
k+Ω sin(ΩL+)
× exp
[
−(1− i)
2k2f
cot(ΩL+)
(
(k′ + δk)2 + κ¯2 − 2 κ¯ · (k
′ + δk)
cos(ΩL+)
)]}
,
= −2αsCF
pi2
Re
{
κ¯ · (κ¯− δk cos(ΩL+))
κ¯2
(
κ¯− δk cos(ΩL+))2 exp
[
(1− i) κ¯
2
2k2f
tan(ΩL+)
]
×
(
1− exp
[
i
(
κ¯− δk cos(ΩL+))2
2k+Ω sin(ΩL+) cos(ΩL+)
])}
. (4.8)
The “bef-out” contribution is the responsible for the decoherence of the vacuum
radiation. This is clearly seen when taking the limit |Ω|L+  1 in Eq. (4.8) since
in this limit the “bef-out” term is proportional to κ · κ¯/(κ2κ¯2) i.e. the vacuum
interference term cf. the last term in Eq. (B.3).
4.3 Recovering the vacuum coherence pattern
Before starting the analysis of the physical scales involved the gluon spectrum, we show
here that, in the absence of a QCD medium, Eqs. (4.2) reduce to the genuine vacuum
gluon spectrum. This is easily obtained by taking the limit qˆ → 0 in each contribution in
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Eqs. (4.2), resulting in
k+
dNbef−bef
d3k
=
αsCF
pi2
1
κ2
, (4.9a)
k+
dNin−in
d3k
= 2
αsCF
pi2
1
κ¯2
[
1− cos
(
κ¯2
2k+
L+
)]
, (4.9b)
k+
dNin−out
d3k
= −2αsCF
pi2
1
κ¯2
[
1− cos
(
κ¯2
2k+
L+
)]
, (4.9c)
k+
dNout−out
d3k
=
αsCF
pi2
1
κ¯2
, (4.9d)
k+
dNbef−in
d3k
= 2
αsCF
pi2
κ · κ¯
κ2 κ¯2
[
cos
(
κ¯2
2k+
L+
)
− 1
]
, (4.9e)
k+
dNbef−out
d3k
= −2αsCF
pi2
κ · κ¯
κ2 κ¯2
cos
(
κ¯2
2k+
L+
)
. (4.9f)
When added, the gluon spectrum for qˆ → 0 reads
k+
dNtot
d3k
∣∣∣∣∣
qˆ→0
=
6∑
i=1
k+
dNi
d3k
∣∣∣∣∣
qˆ→0
=
αsCF
pi2
(
1
κ2
+
1
κ¯2
− 2 κ · κ¯
κ2 κ¯2
)
=
αsCF
2pi2
p · p¯
(p · k)(p¯ · k) , (4.10)
which we recognise as the vacuum gluon spectrum (see Eq. (B.3) in Appendix B). In the
third line we make use the definitions of κ = k − xp (likewise for κ¯).
The inclusive gluon spectrum (4.10) presents both soft and collinear divergences. Ap-
parently, interference terms may look like non-ladder Feynman diagrams which would spoil
the usual collinear factorisation. Nevertheless, it is possible to separate gluon radiation off
the incoming and outgoing partons by accounting the interference terms and, thus, to
provide a probabilistic interpretation. Angular ordering is precisely what allows such prob-
abilistic interpretation. To see it more clearly, let us consider the total number of gluons by
integrating Eq. (4.10) over the transverse momentum and the frequency of the gluon. For
simplicity and without losing the generality of the result, let us consider this average along
the longitudinal axis of the outgoing quark. The result of this simple exercise, considering
the contribution from the incoming and outgoing quarks, is [20]
Ng =
αsCF
pi
1
2
log2
(
Q2
Q20
)
, (4.11)
where Q0 is a momentum cut-off to cure the collinear and soft divergences of the emitted
gluon and Q2 = (p+θqq)
2 is the virtuality of the photon associated to the hard scattering.
The factor 1/2 is a consequence of angular ordering (the other one coming from taking
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just one emitter): if the angular restriction is not considered, the number of incoherent
gluon emissions will be twice the coherent one. Eq. (4.11) also indicates that part of these
logarithms must be resummed into the fragmentation function of the final state. Similarly,
half the result Eq. (4.11) follows from the respective integrations with respect to the initial
state and the logarithms are resummed in the parton density functions (PDFs). The
generalisation of this result when describing multiple gluon emissions in a parton cascade
leads to a modification of the DGLAP evolution equation which is known as Modified
Leading Logarithmic Approximation (MLLA) [20–22].
5 Formation time analysis
In order to understand and gain physical intuition of the gluon spectrum (4.2), we perform
in this section some analytical approximations by considering the relevant scales of the
problem9. First, we notice that the oscillatory behaviour of the argument of the phases
(3.25) in the path integral Kosc (3.24) will depend on the ratio ∆τ/τf (τf =
√
k+/qˆ ∼
|Ω|−1). τf is to be understood as the time a gluon fluctuation takes to colour-decohere
from the quark-gluon system state. It should not be confused with the typical formation
time in vacuum ∼ ω/k2 since its magnitude depends on the transport properties of the
medium via qˆ.
If ∆τ ∼ L+, say the longitudinal distance is on the order of the longitudinal size of
the medium, the ratio L+/τf separates the spectrum into two regimes: (i) the coherent
regime when L+  τf and (ii) the incoherent regime when L+  τf 10. In what follows
we study separately each of these limits on the gluon spectrum (4.2) and describe its main
properties by considering some analytical approximations.
5.1 Coherent limit: L+  τf
This limit corresponds to the physical situation when the emitted gluon remains coherent
during all the time while crossing the QCD medium. In this case, one enters the deep
Landau-Migdal-Pomeranchuck (LPM) regime where the medium acts as a unique scatter-
ing center so the squared effective momentum transfer is ∼ Q2s = qˆL+ that is constant.
As a consequence, dNin−in, dNbef−in and dNin−out are suppressed. Therefore, the total
spectrum is given by the sum of three components
k+
dNtot
d3k
∣∣∣∣∣
τfL+
= k+
dNbef−bef
d3k
+ k+
dNbef−out
d3k
+ k+
dNout−out
d3k
, (5.1)
where it must be understood that the “bef-bef ”, “bef-out” and “out-out” contributions in
the right hand side of this expression are evaluated for L+  τf . So after integrating
9In this Section and in the following one, we will use the gluon energy ω and the gluon k+ light-cone
coordinate as equivalent, the difference among these variables at high energies and in the small angle
approximation is a factor
√
2 that affects neither the qualitative parametric employed arguments nor the
calculations to the accuracy that they are performed.
10In the language used in previous literature [50], these two limits corresponds to the case when ω  ωc
(coherent regime) and ω  ωc (incoherent regime), with ωc = qˆ(L+)2/2.
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exactly the “bef-bef ” term (4.3), in this limit all the three non-vanishing components of
the gluon spectrum read
k+
dNbef−bef
d3k
=
αsCF
pi2
Re
{∫
d2k′
(2pi)2
P(k′ − κ, L+)
k′2
}
=
αsCF
pi2
e−κ2/Q2s
Q2s
× Re
{
log
(
Q2s
Q20
)
− Γ
(
0,−κ
2
Q2s
)
− γE − log
(
−κ
2
Q2s
)}
, (5.2a)
k+
dNout−out
d3k
=
αsCF
pi2
1
κ¯2
, (5.2b)
k+
dNbef−out
d3k
= −2αsCF
pi2
κ · κ¯
κ2κ¯2
(
1− e−κ2/Q2s
)
. (5.2c)
In Eq. (5.2a) Γ[a, z] is the incomplete Gamma function, γE is Euler’s constant and Q0
is an infrared cut-off which cures the collinear divergence associated to the initial state.
Eqs. (5.2) shows that the gluon spectrum depends on the scales associated to the hard
scattering δk and the typical momentum transfer of the medium Qs. In the rest of this
subsection we focus on how the expressions (5.2) behave while varying k for (i) out-of-cone
emissions in the regime Q2s  δk2 i.e. radiation outside the cone delimited by θqq, θ > θqq,
or (ii) in-cone emissions, θ  θqq, in the regime δk2  Q2s.
5.1.1 Out-of-cone emissions
When δk2  Q2s the hard scattering does not affect much the trajectory of the highly
energetic parton. In the high energy limit when δk ≡ 0 then κ ∼ κ¯ ≡ k and Eqs. (5.2)
coincide exactly with the well-known result derived by Kovchegov and Mueller, see Eqs.
(59-61) in Ref. [57]11. The high-energy limit of gluon production in the dilute-dense
regime within the Color Glass Condensate framework and related approaches, has also
been studied by different authors [35, 57–61] in the past.
When δk2,k2  Q2s the gluon spectrum (5.2) reduces to
k+
dNtot
d3k
∣∣∣∣∣
δk,kQs
' αsCF
pi2
(
1
κ¯2
+ Re
{∫
d2k′
(2pi)2
P(k′ − κ, L+)
k′2
})
=
αsCF
pi2
(
1
κ¯2
+
e−κ2/Q2s
Q2s
log
(
Q2s
Q20
))
. (5.3)
The first term inside the brackets comes from the “out-out” contribution while the last
one corresponds to the leading term in the “bef-bef ” contribution, Eq. (5.2a). This result
can be easily understood: the first term in Eq. (5.3) takes into account those gluons in
11We thank Prof. Mueller for pointing us out the relation between the results of Ref. [57] and our work.
In order to make a straightforward comparison between both results, the cut-off for curing the collinear
divergence associated to the initial state is written in this work in momentum space while in Ref. [57] it is
done in coordinate space. Both prescriptions can be easily mapped one into each other.
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the incoming parton’s wavefunction with k2  Q2s that are emitted and get broadened i.e.
the momentum transfer from the medium opens the phase space for large angle emissions.
The second term inside the brackets in Eq. (5.3) corresponds to the parton undergoing
hard scattering that leaves the medium while remaining off-shell. In rebuilding its gluon
cloud, further gluon emission by bremsstrahlung is required and these emitted gluons do
not experience transverse broadening.
When δk2  Q2s  k2, all the vacuum bremsstrahlung terms cancel when summed
together, and the only remaining term is the first one inside the brackets in Eq. (5.2a).
This term falls off exponentially and thus becomes negligible. This observation implies
that the exponential factor e−k
2/Q2s sets up a maximal angle for gluon emissions given by
θmax ∼ Qs/ω. In other words, the vacuum coherence pattern at large angles θ > θmax is
reestablished. On the other hand, and as a consequence of the interaction with the medium
there is a suppression of interferences for soft gluons with δk2  k2  Q2s. The lost of
vacuum coherence opens the phase space for large angular emissions beyond θ = θqq, i.e.,
there is antiangular ordering in the interval θqq ≤ θ ≤ θmax. This behaviour was also
observed also in the qq¯ antenna immersed in a QCD medium [26, 28, 29].
5.1.2 In-cone emissions
If we consider that |δk| ' ωθqq is the maximal scale, the spectrum (5.2) reduces to
k+
dNtot
d3k
∣∣∣∣∣
δkQs
' αsCF
pi2
e−κ2/Q2s
Q2s
log
(Q2s
Q20
)
+
αsCF
pi2
(
1
κ2
− 2κ · κ¯
κ2κ¯2
+
1
κ¯2
)
' αsCF
pi2
(
1
κ2
− 2κ · κ¯
κ2κ¯2
+
1
κ¯2
)
. (5.4)
The second line of the latest expression follows directly since within this limit |κ| = |κ¯ −
δk|  Qs so the exponential term is negligible. The remaining terms are easily identified
with the vacuum gluon spectrum, Eq. (B.3). Therefore, inside the cone of radiation
with opening angle θ, θmax < θqq the medium does not destroy the vacuum coherence
pattern between the initial and final state radiation. This follows from the fact that the
hard scattering is so hard that the medium cannot modify the specific vacuum features of
radiation in this setup. It shows that for large enough virtuality exchanges in the hard
scattering, the vacuum structure of collinear divergencies and angular ordering is recovered.
Note that we are working in the limit of large formation times in which emissions off the
outgoing radiating parton happen outside the medium.
5.2 Incoherent limit: L+  τf
In this limit gluons are allowed to be produced anywhere along the medium length. So in
order to get the correct leading order behaviour of each of the contributions within this
regime, it is necessary to understand if the gluon is produced either at early or late times
after its creation point inside the medium. In the gluon spectrum (4.2) this detail is relevant
for the “in-in” (4.2b) and “in-out” (4.2c) contributions as well as the interference terms
“bef-in” (4.2e) and “bef-out” (4.2f) respectively. The “bef-bef ” and “out-out” terms given
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by Eqs. (5.2a) and (5.2b) respectively, have the same analytical form as in the coherent
limit.
In the rest of this section, we work out some approximations which allow us to obtain
the correct leading order behaviour of the contributions in this regime. We conclude this
section by summarizing our main findings for the angular distribution of the gluon spectrum
in the incoherent limit.
(i) The “in-in” contribution: the oscillatory behaviour of the tangent in (4.5) de-
pends on the relation between the longitudinal position where the gluon is emitted
and the typical formation time in the medium i.e. |Ω|y+ ∼ y+/τf . Depending on
the value of this ratio y+/τf we have two different cases: either the emissions take
place long time after the creation point of the medium, L+ & y+  τf , or emissions
happen at early times , L+  τf  y+. So it is possible to extract the correct leading
order term of Eq. (4.5) by analyzing each one of these two cases independently. The
details of such calculation were already worked out by some of us in the case of the
qq¯ antenna spectrum immersed in a QCD medium, see Sect. 5 of Ref. [29]12. It turns
out that the leading term of the “in-in” contribution in the incoherent regime reads
as
k+
dNin−in
d3k
∣∣∣∣∣
τfL+
=
αsCF
k+pi2
∫ L+
0
dy+
∫
d2k
(2pi)2
P(k − κ¯, L+ − y+)
× e
−k2
k2
f sin
(
k2
k2f
)
. (5.5)
As we discussed previously, medium-induced gluon radiation in Eq. (5.5) can be
understood as a two-step process. The terms in the second line of Eq. (5.5) take into
account the quantum emission of a gluon with momentum k at the time y+ with a
momentum distribution centered around the preferred value kf , while the function
P(k−κ¯, L+−y+) describes the classical Brownian motion that the gluon experiences
until the edge of the medium once freed from its parent parton. This component is
suppressed for k2 > k2f . Nevertheless, the transverse momentum of the gluon gets
reshuffled, with the saturation scale of the medium Qs as typical scale, due to the
broadening at the end of its trajectory. Another important property of the “in-in”
contribution (5.5) is its scaling with the medium length L+ which is a consequence of
the probability of the projectile to emit at any point during its trajectory along the
medium layer. The subleading terms not shown in Eq. (5.5) are enhanced neither by
a logarithmic divergence, see Appendix C, nor by the medium length, so they can be
safely neglected at this level of our approximations.
(ii) The “in-out” contribution: in the incoherent limit |Ω|L+  1 one approximates
tan(ΩL+) ≈ −i in Eq. (4.6). Afterwards, it is straightforward to get the leading
12For completeness we present the derivation of Eq. (5.5) in Appendix C.
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term of the “in-out” contribution which reads
k+
dNin−out
d3k
∣∣∣∣∣
τfL+
= −2αsCF
pi2
1
κ¯2
[
1− e
−k2
k2
f cos
(
k2
k2f
)]
. (5.6)
(iii) The “bef-in” contribution: as in the case of the “in-in” contribution, here it is
important to consider if the gluon is emitted either at early times when 0 ≤ y+  τf
or at late times when τf  y+ . L+.
For late-time emissions, the leading order term of Eq. (4.7) scales like e
− y+
τf . There-
fore it gets effectively suppressed
k+
dNbef−in
d3k
∣∣∣∣∣
τfy+.L+
≈ 0. (5.7)
At early times y+  τf one can neglect the last term in the third line of Eq. (4.7)
since it oscillates very fast. Additionally for short formation times P(k−κ¯, L+−y+) '
P(k − κ¯, L+). So for short formation times both approximations let us to rewrite
Eq. (4.7) as
k+
dNbef−in
d3k
∣∣∣∣∣
0.y+τf
' −2αsCF
pi2
Re
{∫ τf
0
dy+
∫
d2k′
(2pi)2
k′ · (k′ − δk)
(k′ − δk)2
× P(k′ − κ¯, L+) exp
[
(1− i)
2k2f
k′2 tan
(
Ωy+
)]}
. (5.8)
Next, we can integrate over y+ exactly. However, as we explain in Appendix C (see
discussion after Eq.(C.4), the exact integral has terms which are not proportional to
L+ so we can drop them out. Thus, we concentrate in the case where k′2 > k2f where
the integral over y+ can be approximated as it is described in Eq. (C.5) in Appendix
C. Finally Eq. (5.8) is given by
k+
dNbef−in
d3k
∣∣∣∣∣
0.y+τf
' −2αsCF
pi2
Re
{∫
d2k′
(2pi)2
k′ · (k′ − δk)
k′2
(
k′ − δk)2P(k′ − κ¯, L+)
}
,(5.9)
which is valid for k′2 > k2f . Notice the similarity of this expression and the exact
“bef-bef ” contribution (4.3). Therefore, this term looks like a hard vacuum-like in-
terference component at k′2 > k2f that is generated at early times in the medium and
subsequently follows a random walk process.
(iv) The “bef-out” contribution: while taking the incoherent limit of Eq. (4.8), one
finds that the “bef-out” contribution scales as ∼ e−|Ω|L+ so it is exponentially sup-
pressed in this regime. Thus, we can safely neglect this contribution in this regime.
– 21 –
All the analyses carried out above indicate that in the incoherent regime, the non-vanishing
contributions to the gluon spectrum (4.2) are the direct emissions of the initial and final
state radiation and the early-time emission of the “bef-in” interference term:
k+
dNtot
d3k
∣∣∣∣∣
τfL+
= k+
dNbef−bef
d3k
+ k+
dNin−in
d3k
+ k+
dNin−out
d3k
+ k+
dNout−out
d3k
+ k+
dNbef−in
d3k
, (5.10)
where the terms “bef-bef ”, “in-in”, “in-out”, “out-out” and “bef-in” contributions are
given by Eqs. (5.2a), (5.5), (5.6), (5.2b) and (5.9) respectively.
In this regime, we also have a gradual decoherence in the region between δk2  k2 
Q2s. Besides, the interference contribution (5.9) restores the vacuum coherence pattern
above Qs. This can be easily understood since, for k
2 > Q2s, the effects of the broadening
do not affect any more the final state transverse momenta of the emitted gluon, and thus
P(k − κ¯, L+) |k2>Q2s ' (2pi)2δ2(k − κ¯). As a result, for k
2 > Q2s the “bef-in” term (5.9)
becomes ∼ −2κ¯ · κ/(κ¯2κ2) which is precisely the hard vacuum-like interference term that
cancels large angle emissions. Therefore there is again a maximal angle θmax which sets
up an upper bound for large angle emissions.
The physical picture of this regime turns out to have a remarkable intuitive interpre-
tation. We have two emitters, the initial and final state radiators with a non-negligible
interference term. For the initial state radiation the medium reshuffles the momenta of
the emitted collinear gluon up to k2 . Q2s and there is a maximal angle of emission
θmax ∼ Qs/ω caused by the restoration of the vacuum coherence due to the vacuum-like
interference term (5.9). The contribution associated to the final state is composed by the
genuine medium-induced radiation BDMPS-Z + vacuum emission. Both terms emit gluons
up to θmax = Qs/ω. We clarify that BDMPS-like emissions have an upper bound for large
angle emissions since the broadening of the gluon by the medium sets Qs as the hardest
scale of the process. Bremsstrahlung-like radiation outside the medium radiates coherently
since it is bounded at large angles due to the non-vanishing interference term (5.9) as we
discussed previously.
So far we have focused on the discussion of the medium modifications of the angular
distributions of gluon emissions. In both regimes we observe the loss of vacuum coherence
between both emitters depending on the interplay between two scales, the opening angle
δk2 ∼ (ωθqq)2 and the maximum momentum transferred by the medium Qs. As a conse-
quence, the total number of observed gluons will be modified according with the dominant
scale. Hence, there is a hint for a possible modification to the quantum evolution of the
parton densities and fragmentation functions inside nuclei. This aspect deserves a more
general discussion that we make in more detail in the next Section.
6 Tracing modifications of quantum evolution
In the previous section we discussed the coherent and incoherent limits of the gluon spec-
trum (4.2) by considering formation time arguments. In both regimes, we observe either
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a partial or a complete loss of vacuum interference between the initial and final state ra-
diation due to the medium interactions which opens the phase space for large angle gluon
emissions. The decoherence between the two emitters in both regimes depends strongly
on the competition between two main scales: the opening angle due to the hard scattering
δk2 ∼ (ωθqq)2 and the maximum momentum transferred by the medium Q2s = qˆL+. In this
Section, we compute the dominant logarithmic contribution to the total number of gluons
observed at certain opening angle which carry information about the dominant scale. Our
computations are performed in a similar manner as in the vacuum case Sect. (4.3).
We proceed to examine the different contributions to the single inclusive spectrum and
keep those that contain logarithmic contributions. Notice that when taking into account
the broadening of the emitted gluon in the medium (given by function P(k, ξ), Eq. (4.4)), it
does not change the total number of produced gluons but simply reshuffles their transverse
momentum distribution13. Thus:
• The “bef-bef ” contribution, Eq. (4.3), contains a collinear vacuum contribution from
the incoming parton.
• The “in-in” and “in-out” contributions, Eqs. (4.5) and (4.6), are BDMPS-Z contri-
butions that contain neither infrared not collinear divergencies, and therefore they
do not contribute to the multiplicity to logarithmic accuracy.
• The “out-out” contribution, Eq. (4.2d), gives a purely vacuum contribution from the
outgoing parton.
• The “bef-out” contribution, Eq. (4.8), provides a vacuum interference term for large
frequencies ω > ωc, as we discuss in Sections 4.2 and 5.1.
• The “bef-in” contribution, Eq. (4.7), contains a (non-logarithmically behaving)
medium-induced piece for k2 < k2f , and a vacuum interference term for k
2 > k2f ,
for small frequencies ω < ωc, as we pointed out in the discussion in Sect. 5.2 (see the
paragraphs after Eqs. (5.8) and (5.9)).
If we consider for instance the following hierarchy of scales: |δk| ∼ ωθqq < kf =
(ωqˆ)1/4 < ω, we can complete the vacuum interference in the “bef-in” contribution by
adding a piece that is integrated in |k| from |δk| to kf . In this way we get the full vacuum
Eq. (4.11) minus a medium contribution. Because of the minus sign in Eq. (4.7), this
13This is a consequence of the normalization of the function P(k, ξ).
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medium contribution is positive and it reads, to double logarithmic accuracy as follows
Nmedg '
2αsCF
pi2
∫ ωmax
ωmin
dω
ω
∫ kf
|δk|
d2k
k2
=
1
6
αsCF
pi
[
log2
(
qˆ
θ4qqω
3
min
)
− log2
(
qˆ
θ4qqω
3
max
)]
' 1
6
αsCF
pi
[
log2
(
1
θ4qq
)
− log2
(
θ4c
θ4qq
)]
=
8
3
αsCF
pi
log
(
θc
θ2qq
)
log
(
1
θc
)
, (6.1)
where ωmax = ωc = qˆL
2/2 (thus θqq < θc  1), ωmin = qˆ1/3 from the assumed hierarchy of
scales14, and θc = 2/
√
qˆL3 is the characteristic BDMPS-Z emission angle, see e.g. [17]. In
this expression we see clearly the competition between the scales of the emitters and of the
medium. From Eq. (6.1) we observe that the medium contribution is completely suppressed
for large opening angles θqq as expected. When increasing medium length or density, the
characteristic BDMPS-Z angle decreases and the medium contribution increases.
In the opposite case, θc < θqq  1, the integration over ω is bounded from above by
ωmax = qˆ
1/3/θ
4/3
qq < ωc and we get
Nmedg '
8
3
αsCF
pi
log2
(
1
θqq
)
. (6.2)
Our results (6.1) and (6.2) are done under a given assumed hierarchy of scales |δk| <
kf < ω. These expressions can be easily modified for other situations, for instance when
ωmin = Q0/θqq > qˆ
1/3, or ωmax = p
+ < ωc. In these cases, additional competitions to the
existent ones between the medium parameters and the opening angle i.e. those originated
from the presence of the infrared cut-off or the energy, start to play a role. Nevertheless,
the existence of double logarithmic contributions remains.
These additional, potentially large logarithms that we find on top of the vacuum ones,
Eq. (4.11), suggest an alteration of the usual perturbative DGLAP [62–65] evolution due
to a QCD medium of finite size. This aspect indeed deserves further studies that we leave
for a future publication.
7 Conclusions
In this work we investigate the medium modifications to the interference pattern between
initial and final state radiation. We investigate gluon radiation off an ‘asymptotic’ parton
which suffers a hard scattering and afterwards crosses a dense QCD medium of finite length.
We calculate the general form of the gluon spectrum and then we formulate it within the
harmonic oscillator approximation. In this approximation we are able to get an analytical
treatment and understanding of the different components of the gluon spectrum. Let us
14Note that |δk| > Q0, with Q0 some infrared cut-off, implies ω > Q0/θqq. Here we assume Q0/θqq < qˆ1/3.
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note that, while we consider a colourless t-channel exchange as hard scattering, the results
for soft gluons do not change from the ones for a coloured exchange, as it is well known in
the vacuum [20–22] and in the in-medium antenna [26–29, 31].
The gluon spectrum is composed of the direct emissions of the initial and final state
and the interferences between both emitters. Gluon emissions associated to the initial
state contain the pT -broadening of the collinear gluon emitted before the hard scattering.
The final state radiation corresponds to the genuine medium-induced gluon radiation off
a highly energetic parton created inside the medium, so it is identified as the BDMPS-Z
+ vacuum spectrum. In the case of the interferences, the scale which measures the colour
correlation between the initial and final state is the time-dependent transverse size of the
outgoing quark and the gluon radiated by the initial state prior to the hard scattering
i.e. the quark-gluon system which traverses the QCD medium. The evolution of the
quark-gluon system when crossing the medium is accounted for by the propagator Kosc.
Depending on the asymptotic behaviour of the argument of the phase of Kosc we have two
extreme cases: the coherent (τ  L+) and the incoherent (τf  L+) limits.
Depending on the interplay of the kinematical variables we have a partial suppression
of interferences in the coherent regime. Interferences vanish completely when |δk|  Qs
so there are gluon emissions outside of the angle associated to the hard scattering θqq
and hence, antiangular ordering. The typical momentum scale transferred by the medium
Q2s = qˆL
+ sets up a upper bound for large angle radiation, so angular emissions lie in the
range θqq ≤ θ ≤ θmax where θmax ∼ Qs/k+. The spectrum is completely suppressed above
θmax and the vacuum coherence pattern is recovered. When |δk|  Qs gluons are radiated
in a coherent manner as in the vacuum.
In the incoherent regime we observed also a partial suppression of interferences. The
spectrum in this case consists of the two emitters associated to either the initial or final
state and an interference term which is developed at early times in the medium. Due to
the multiple scatterings in the medium both emitters are able to radiate gluons at large
angle emissions in the kinematic region θqq ≤ θ ≤ θmax and the vacuum coherence pattern
is reestablished for |k| > Qs due to the non-vanishing interference term. All these findings
are in agreement with the corresponding results in the antenna [26–29].
We also discussed how the multiplicity of gluons is determined by the scale that domi-
nates the process. We provide specific formulae for particle production in those situations.
The observed logarithmic modification is a strong hint that the presence of a finite size
QCD dense medium is indeed affecting the perturbative evolution of the PDFs and frag-
mentation functions. We leave the study of such modifications for a future work.
On the phenomenological side, we expect that our study has consequences on parti-
cle production in nuclear collisions in the forward and backward regions i.e. for particle
production associated to jets produced at angles different from pi/2 with respect to the col-
lision axis where the interferences between initial and final state radiation are absent. More
specifically, we expect a difference in jet substructure for those jets going in the forward or
backward direction from those going at pi/2. This difference does not come from a different
medium seen at different rapidities but from the appearance of medium-controlled inter-
ferences between initial and final state radiation. While the picture of the QCD medium
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produced at rapidities different from central is still unclear, the large rapidity plateau in
inclusive particle production at the LHC gives the hope that the medium may not be dra-
matically different from the one at mid-rapidities, even at pseudorapidities such that the
angle is sizeably different from pi/2.
As an outlook, we plan to pursue the issue of which kind of factorisation may be
valid in the regime where usual collinear factorisation plausibly fails, and the connection
with other formalisms e.g. the hybrid formalism [66, 67]. We also plan to examine the
generalisation of our results when small-x evolution of the target is allowed.
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A General form of the medium-induced gluon spectrum
The general functional form of the components of the gluon spectrum is given by
k+
dNbef−bef
d3k
=
αsCF
pi2
Re
{∫
d2rd2r′d2ld2l′
d2p
(2pi)2
d2p′
(2pi)2
eik
+u·(l−l′)e−ik·(r−r
′)ei(p·l−p
′·l′)
× p · p
′
p2 p′2
〈G(L+, r, 0, l|k+)G†(L+, r′, 0, l′|k+)〉
N2c − 1
}
, (A.1a)
k+
dNin−in
d3k
=
αsCF
2pi2
1
(k+)2
Re
{∫ L+
0
dy+
∫ y+
0
dy′+
∫
d2zd2z′e−ik·(z−z
′)eik
+u¯−(y+−y′+)
× (i∂y + k+u¯) · (−i∂y′ + k+u¯) (A.1b)
×
〈G(L+, z, y+,y = u¯y+|k+)U(y+, y′+)G†(L+, z′, y′+,y′ = u¯y′+|k+)〉
N2c − 1
}
,
k+
dNin−out
d3k
=
αsCF
pi2
1
k+
Re
{
iei(k
−−k·u¯)L+
∫ L+
0
dy+
∫
d2zei(k
+u¯−y+−k·z)
× κ¯ · (i∂y + k
+u)
κ¯2
〈G(L+, z, y+,y = u¯y+|k+)U†(L+, y+)〉
N2c − 1
}
, (A.1c)
k+
dNout−out
d3k
=
αsCF
pi2
1
κ¯2
, (A.1d)
k+
dNbef−in
d3k
=
αsCF
pi2
1
k+
Re
{
i
∫ L+
0
dy+
∫
d2k′
(2pi)2
d2r d2z d2l e−ik
+u¯−y+eil·(k
′+k+u¯)e−ik·(r−z)
×k
′ · (−i∂y + k+u¯)
k′2
×
〈G(L+, r, 0, l|k+)U†(y+, 0)G†(L+, z, y+,y = u¯y+|k+)〉
N2c − 1
}
, (A.1e)
k+
dNbef−out
d3k
= −2αsCF
pi2
Re
{
eiL
+(k−−k·u¯)
∫
d2k′
(2pi)2
d2r d2l e−ik·reil·(k
′+k+u)
× k
′ · κ¯
κ¯2k′2
〈G(L+, r, 0, l|k+)U†(L+, 0)〉
N2c − 1
}
. (A.1f)
Using the harmonic oscillator approximation, one simply reduces to Eqs. (4.2).
B Vacuum emission pattern between the initial and final state radiation
In momentum space, the total current J µ(0) = J µbef,(0) + J µaft,(0), where J µbef,(0) and J µaft,(0)
are given by Eqs. (3.5), can be written as
Jµ(0),a = ig
(
− p
µ
p · k + iQ
a
bef +
p¯µ
p¯ · k + iQ
a
aft
)
. (B.1)
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By linearizing the CYM equations, the solution of the classical gauge field at leading order
in momentum space reads
− k2Ai,a(0) = 2ig
(
κi
κ2
Qain −
κ¯i
κ¯2
Qaout
)
. (B.2)
By replacing this solution of the gauge field into the reduction formula (3.1) and summing
over the physical polarisations, the vacuum spectrum of the inclusive gluon spectrum for
the singlet case results
ω
dNvac
d3~k
=
αsCF
pi2
(
1
κ2
+
1
κ¯2
− 2κ · κ¯
κ2κ¯2
)
, (B.3)
which is precisely the vacuum gluon spectrum [20–22].
C Derivation of the “in-in” contribution, Eq. (5.5)
In this section we show how to get the correct leading order result of the “in-in” component,
Eq. (5.5). We follow closely the procedure worked out in Ref. [29]. The phase of tangent
function in Eq. (4.5) goes roughly like |Ω|y+ ∼ y+/τf . Therefore we can divide in Eq.
(4.5) the integration interval over y+ in two parts, the one related with early-time emissions
where 0 ≤ y+  τf and the other one for late-time emissions when τf  y+ . L+. To
make a clear distinction between these two regimes, let us introduce a dimensionless real
number c  1 such that cτf  L+. We will see that the leading term of the “in-in”
component does not depend on this parameter [29].
If we consider first the case of late-time emissions cτf  y+, Eq.(4.5) can be approxi-
mated by
k+
dNin−in
d3k
∣∣∣∣∣
y+cτf
=
αsCF
k+pi2
∫ L+
cτf
dy+
∫
d2k
(2pi)2
P(k − κ¯, L+ − y+)
× e
−k2
k2
f sin
(
k2
k2f
)
. (C.1)
For early-time emissions we can approximate P(k − κ¯, L+ − y+) ≈ P(k − κ¯, L+) and we
rewrite Eq. (4.5) as
k+
dNin−in
d3k
∣∣∣∣∣
y+cτf
=
αsCF
2(k+pi)2
Re
{∫
d2k
(2pi)2
P(k − κ¯, L+)
×
∫ β
0
dx
2ik+
Ω
exp
[
(1− i)k
2
k2f
tan[x]
]}
, (C.2)
where β = (1− i)c/2. To perform the integral over time, we make use of the exact integral∫
dx ea tanx =
i
2
{
eiaE1 [a(i− tanx)]− e−iaE1 [−a(i+ tanx)]
}
+ const., (C.3)
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where E1(x) = −Ei(−x) is the exponential integral. If we keep just the leading term in c
we can approximate tanβ ≈ −i+ 2ie−2iβ, so finally∫ β
0
dx exp
[
(1− i) k
′2
2k2f
tan(x)
]
' − i
2
{
eia
[
E1(ia)− E1(2ia)
]
− e−ia[E1(−ia) + γE + ln(−2ia)− 2iβ]}, (C.4)
where now a ≡ (1 − i)k′2/(2k2f ) and we have expanded the last term using E1(x) '
−γE − ln(x) for x  1. The last term in Eq. (C.4) gives rise to a term of the form of
the Eq. (C.1), however with y+ running from 0 to cτf . Adding it to Eq. (C.1) removes
the spurious dependence on c, as we pointed out above. The remaining terms are not
proportional to L+ so they can be neglected at this level of the approximation. This shows
that the leading order term of the “in-in” component is effectively captured by Eq. (5.5).
Notice that if one considers k2 > k2f in Eq. (C.4) it is possible to get the leading terms of
the exponential integral E1(x) ≈ e−x/x so we obtain
4iω
Ω
∫ β
0
dx exp
{
(1− i)k
2
k2f
tanx
}∣∣∣∣∣
k2>k2f
' 8ω
2
k2
; (C.5)
additional terms are suppressed as exp[−k2/k2f ] and thus can be neglected. This early-
time collinear divergence arises from the bremsstrahlung emission at early times which is
followed by rescattering of the emitted gluon in the medium. This collinear divergence is
balanced out by the “in-out” and “out-out” contributions to get effectively the genuine
vacuum contribution. A complete and detailed analysis of this subtle aspect is found in
Sect. 5 of Ref. [29].
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